Proposed solid-state Faraday anomalous-dispersion optical filter 
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We propose a Faraday anomalous dispersion optical filter (FADOF) based on a rare-earth ion doped crystal. 
We present theoretical analyses for the solid-state FADOF transmission. Our theoretical model predicts a max- 
imum transmission efficiency of 71% and a double-peaked transmission spectrum with a bandwidth of 6 GHz 
under current experimental conditions. Our proposal may have important applications in optical communica- 
tions. 
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Ultra-narrow-bandwidth with a wide field of view (FOV) 
optical filters play key roles in quantum-noise-limited per- 
formance and background-limited laser receivers. One typi- 
cal ultra-narrow-bandwidth filter is the atomic resonance fil- 
ter (H, which has the drawbacks of slow response and low 
quantum efficiency 02J. Another device, referred to as the 
Faraday anomalous dispersion optical filter (FADOF) yfl, is 
considered as the best ultra-narrow-bandwidth optical filter. 
Since FADOFs have the advantages of high transmission, fast 
response, a wide FOV, high noise rejection, relative insen- 
sitivity to vibrations, and imaging capability [4], they have 
been widely applied in various fields, especially in laser-based 
fields such as free-space laser communication @1, dye-laser 
frequency locking [6], remote sensing [7] and lidar D8],|9|]. 

Conventional FADOFs consist of an atomic vapor cell 
placed between two crossed polarizers. A homogeneous, con- 
stant magnetic field is applied parallel to the optical axis of 
the vapor cell ifioll . The Faraday effect fill Il2ll plays a key 
role in FADOFs. Briefly, a plane-polarized light beam con- 
sists equally of right- and left-circularly-polarized compo- 
nents. Each component of circular polarization has a different 
refractive index because of the Zeeman and hyperfine splitting 
of the energy levels. This results in a rotation of the direc- 
tion of plane polarization. If the incident light is outside the 
absorption bands and its polarization rotation angle approx- 
imates to odd multiples of tt/2, it will pass through the two 
crossed polarizers. Therefore, the transmission of FADOFs 
is strongly dependent on the frequency of the incident light. 
This type of FADOF was first introduced by Ohman as early 
as 1956 01311 . The theory behind FADOFs had been discussed 
previously by Yeh 01411 : it was improved by Yin and Shay to 
include hyperfine effects H. The first experimental demon- 
stration of a FADOF was given by Dick et al [4]. Then, differ- 
ent experiments were completed based on both ground-state 
transitions lfl5l[l6tl and excited-state transitions ifloL FlTh - Both 
theoretical and experimental studies have been performed us- 
ing a variety of atomic species: the workin g ele ments include 
Na filEl, K 01 HI, Rb HIH, Cs W2^, Ca JH, and 
Sr 1)230 . Most of these FADOFs operate in the line-wing pro- 
file 171, 1 1^1 . others operate in the line-center profile lTl~5l l24ll . 



and these two transmission types are interchangeable lit 
However, all of these studies were performed in vapor sys- 
tems which have a larger Doppler effect and whose operating 
wavelengths are limited by several hot atomic species' transi- 
tions. These drawbacks limit their tuning range and extension 
of applications. 

In this Brief Report, we present the scheme of a solid-state 
FADOF based on a rare-earth ion doped crystal. We develop 
a complete theory describing the transmission of the FADOF. 
We simulate the performance of the FADOF based on current 
experimental conditions through our theory model. 

Faraday cell 
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FIG. 1: (Color online) Schematic drawing of a solid state FADOF, 
consisting of a Faraday cell in a homogeneous, constant magnetic 
field B between two crossed polarizers. P t and P 2 are the crossed 
polarizers. The red and green rectangles denote the doped crystal 
and undoped crystal, respectively. 

The solid-state FADOF consists of a Faraday cell in a ho- 
mogeneous, constant magnetic field B, between two crossed 
polarizers (Fig. 1). Here we take the Nd 3+ :YV0 4 FADOF 
as an example. The Faraday cell of the FADOF is com- 
posed of two adjacent crystals. The first one is a Nd 3+ doped 
YVO4 crystal and the next one is an undoped YVO4 crys- 
tal, whose c-axis is perpendicular to the c axis of the doped 
YVO4 crystal. The magnetic field splits the energy levels of 
the Nd 3+ ions, which separates the absorption bands into hori- 
zontally and vertically polarized components and introduces a 
strong anomalous dispersion. A linearly polarized light beam 
consists of horizontally and vertically polarized components. 
Each component of horizontal and vertical polarization has 
its own refractive index due to the Faraday anomalous disper- 
sive effect. This results in a polarization rotation when the 
light beam propagates through the system along the z direc- 
tion. When the frequency of incident light is in the vicinity 
of the Nd 3+ ions' resonance lines, the Faraday anomalous dis- 
persion causes a strong frequency dependence of the filter's 
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transmission. Similar to the conventional FADOFs based on 
atomic vapors, if the incident light is outside the absorption 
bands and its polarization rotation angle approximates to odd 
multiples of n/2, it will pass through the two crossed polariz- 
ers. Therefore, transmission peaks with a narrow bandwidth 
can be detected at some specific frequencies. 

The incident light is a frequency independent constant E . 
H and V respectively denote the direction parallel and per- 
pendicular to the c axis of the doped YVO4 crystal. E H (z) 
and E v (z), respectively, denote the light polarized along the H 
and V directions. The H + V polarized light E,„ incident on 
the doped YVO4 crystal surface at z — can be described in 
terms of horizontally and vertically polarized basis states, 

E,„ = + el) = E H (0) + E v (0) , (1) 

V2 

where e H and e v are unit vectors along H and V directions, 
respectively. The different refractive indices for H- and V- 
polarized light caused by the birefringence effect in the YVO4 
crystal will lead to an intrinsic phase delay between the two 
components at the end of the doped YVO4 crystal. We use an 
undoped YVO4 crystal with an identical length to compensate 
for the intrinsic phase delay. Since the c axis of the undoped 
YVO4 crystal is perpendicular to the c axis of the doped YVO4 
crystal, the phase delays caused by birefringence can offset 
each other. With compensation, the net phase delay between 
the two components is caused by the Faraday anomalous dis- 
persion effect; the field at the end of the undoped YVO4 crys- 
tal surface z-2L yields 

< /v (2L) = E^(0) exp [i k HIV (co)L] , (2) 

where L is the length of the doped YVO4 crystal, co is the fre- 
quency of incident light, and k Hjv {to) is the complex wavenum- 
ber for H- and V-polarized light. After passing the second po- 
larizer, which is placed at the H - V direction, the output field 
E ml , can be expressed as 

E„„, — — { exp [ i k H (u))L ] — exp [ i k v (a))L ] J . (3) 

The frequency-dependent transmission of the Nd 3+ :YV04 
FADOF, which is defined by T(a>) = \e~IJ j j£^,j , is then 
given by 

T(a)) = — exp J — 2Im[k H (Lo)]L}j + — exp J — 2Im[k v (a>)]L)j 
- - cos[20(w)] exp \lm[k H (a>) + k v (a>)]L} , (4) 

Here the Faraday rotation angle of the polarization, <f>(u)), is 
characterized by 

(DM = I Re[Uco) - k v (w)] . (5) 

The transmission spectrum of the Nd 3+ :YV04 FADOF has 
two contributions: one is the absorption of the Nd 3+ ions and 
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FIG. 2: (Color online) (a) The energy-level diagram of the 4 Ig/2 «-> 
4 F3/2 transition of Nd 3+ . (b) The simulation results of the absorption 
depth d H (a>) as a function of a> for //-polarized light, (c) The sim- 
ulation results of the absorption depth d v (u)) as a function of aj for 
V-polarized light. In these simulations, the magnetic field B = 0.31 T 
and the crystal length L = 0.9 mm. 



the other is the difference in their refractive indices. Hence, 
knowledge about the absorption properties of the Nd 3+ ions 
and the complex refractive indices enable us to calculate the 
entire transmission of the Nd 3+ :YV0 4 FADOF. 

In this work, we utilize the strong 4 /9/2 <-> 4 ^3/2 transition 
of Nd 3+ around 879.7 nm in a Nd 3+ :YV0 4 crystal (doping 
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level, 10 ppm.); which has been systematically investigated as 
a candidate for quantum memory 125142711 . The YVO4 crystal 
is uniaxial and Nd 3+ ions substitute for Y 3+ ions in site of D2d 
point symmetry. In a crystal field of this symmetry, the ground 
state 4 Ig/2 splits into five Kramers doublets (Z\ - Z5) and the 
4 Fi/2 excited state splits into two Kramers doublets (Ri and 
^2)- Since the transition between Z\ and R\ possesses the 
largest oscillator strength, the other transitions can be reason- 
ably ignored 128143011 . Under a homogeneous, constant mag- 
netic field, the ground and excited state doublets split into two 
spin sublevels due to a strong first-order Zeeman interaction. 
This gives rise to a four-level system with two ground levels 
and two excited levels, and the four associated possible transi- 
tions hereafter are denoted as a, b, c and d. The energy levels 
are shown in Fig. 2(a). Here, P„ and respectively, de- 
note the transition dipole operators parallel and perpendicular 
to the c axis of the Nd 3+ :YV04 crystal, and \ y V ±fl ) denotes the 
wave functions of the states. The selection rules which hold 
for electric dipole transitions between |*F ±/J ) are given by lEBTl . 



0, mod in -fi',2) = 0. 
, mod ( [i — fx' , 2 ) = 1. 



(6) 



Hence, the transitions b, c and a, d are linearly polarized light 
along the H and V direction, respectively. 

We ignore the coherence between the energy levels con- 
sidered and treat each ion as consisting of four two-level sys- 
tems in the Nd 3+ :YVC>4 crystal. Thus, we can approximate the 
complex susceptibility along the H- and V-direction^^w) as 
lUMl 
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k Ha {uS)[{(jj - (o q ) + id qU ] 
(w)[(w - a>„) + id qVl 



(7) 



(8) 



where q can substitute for a, b, c and d according to the tran- 
sition lines; a qH/v is the on-resonance absorption coefficient; 
k m/VB (u)) = n HOIVO (aj) a)/ c, where n mm is the intrinsic refrac- 
tive index in the Nd 3+ :YVC>4 crystal, which in turn can be 
derived from the Snellmeier Equation 113411 ; c is the speed of 
light in vacuum; 26 qHfv is the absorption bandwidth of the tran- 
sition line; to q is the resonance frequency; and a> is the inci- 
dent light frequency. The complex susceptibility Xwv(u>) re- 
lates the complex wave number k HIV {co) and frequency a> in 
the dispersion relation k mv (u>) = k m/vo (oj) Jl +Xmv{(^)- For 
XwvU>>) ^ 1, the relationship can be approximated as 



k H/Y (oj) ~ k 



1 

c mm (u)[l + -Xwv{(*>)\ 



(9) 



The absorption depth d(co) is defined in terms of intensity 
attenuation exp [-d(u>)] through the sample. Hence, 



d(aj) — a(a>)L — 2Itn[k H/v (a>)]L 



(10) 



We substitute Equations (7), (8), and (9) into Eq. (10) to 
simulate the absorption depth for both H- and V- polarized 
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FIG. 3: (Color online) (a) The simulation results of the absorption 
depth d H/v (A) (the black dotted line for W-polarized light and the blue 
solid line for V-polarized light) and the Faraday rotation angle <£>(A) 
(the red dashed line) in the Nd 3+ :YV0 4 FADOF. (b) The simulation 
results of the transmission T(A) in the Nd 3+ :YV0 4 FADOF, which 
predict a maximum transmission efficiency of 71% and a double- 
peaked transmission spectrum with a bandwidth of 6 GHz. 



inciden t lig ht. All the parameters are based on the experiment 
results I25ll26ll . The simulation results are shown in Figs .2(b) 
and (c), which are in good agreement with the experimental 
results. 

From the relationship n m (aS) = k H/v (to)c / u>, where n H/v (u)) 
is the refractive index along the H and V direction, we ob- 
tained the dispersion curve in this system: this contains both 
normal and anomalous dispersion parts. Hence, the value of 
n Hjv (to) is strongly dependent on the frequency of the incident 
light, which leads to a polarization rotation for light passing 
through the crystals. If the incident light is outside the absorp- 
tion bands and the rotation angle approximates to odd multi- 
ples of 7r/2, it will pass through the two crossed polarizers. We 
calculate the frequency-dependent Nd 3+ :YV04 FADOF rota- 
tion angle <1>(A) [Eq. (5)], absorption depth d H/v (A) [Eq.( 10)] 
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and transmission T(A) [Eq. (4)], where A = a)-a)b, by chang- 
ing the magnetic field strength and the crystal length. Note 
that the splitting of energy levels is approximately linear with 
the magnetic field 112611 . We predict a maximum transmission 
efficiency of 7 1 % and a double-peaked transmission spectrum 
with a bandwidth of 6 GHz under the condition that the mag- 
netic B = 0.775 T and the crystal length L — 8.5 mm. The 
simulation results are shown in Fig. 3. We also calculated the 
transmission T(A) under different magnetic fields: the conclu- 
sion is that both the transmission and bandwidth increase with 
the strength of the magnetic field. In other words, there is a 
trade-off between the transmission and the bandwidth. 

In summary, we have proposed the scheme of a solid- 
state Faraday anomalous dispersion optical filter. A theoreti- 
cal model of the solid- state FADOF's transmission has been 
presented. We simulate the performance of the Nd 3+ :YVC>4 
FADOF, which works with the strong 4 7/9/2 «-> 4 f 3/2 transition 
of Nd 3+ around 879.7 nm, based on previous experimental 
measurements of the absorption properties of the Nd 3+ :YVC>4 
crystal. The maximum transmission efficiency can attain 71% 
with a double-peaked transmission spectrum, whose band- 
width is 6 GHz. 

As an ultra-narrow bandwidth filter, a FADOF performed 



in a solid-state device is very appealing. Apart from the Nd 
doped YVO4 crystal, there are varieties of rare-earth doped 
solid materials which have been recently demonstrated to play 
key roles in quantum information: the working elements in- 
clude Er 3+ HI, Eu 3+ 01, Pr 3+ JH, Tm 3+ Q and others. 
Similar to the Nd 3+ :YVC>4 crystal, these materials may pos- 
sess potential properties to construct more solid-state FAD- 
OFs for different applications. Specifically, the Er 3+ doped 
crystals have a transition around 1530 nm between the ground 
state 4 /i5/2 and the excited state 4 /b/2 13911 . It offers the possi- 
bility to construct ultra-narrow-bandwidth filters that work at 
telecommunication wavelengths, which is difficult for the con- 
ventional FADOFs based on atomic vapors to achieve. Fur- 
thermore, solids doped with rare-earth ions are unique phys- 
ical systems in which large ensembles of atoms are naturally 
trapped in a solid-state matrix, which inhibits the Doppler ef- 
fect due to the motion of the atoms. These systems are stable, 
commercially available, and easily integrated. For these rea- 
sons, our proposal may have important applications in optical 
communications. 
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